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Abstract. We prove that the embedding of the derived category of 1-motives 
up to isogeny into the triangulated category of effective Voevodsky motives, as 
well as its left adjoint functor LAWq, commute with the Hodge realization. This 
result yields a new proof of the rational form of Deligne's conjecture on 1-motives. 



1. Introduction 

1.1. Deligne's Conjecture. In f |D3j ) Deligne showed that the subcategory MHSf C 
MHS Z of the category of polarizable mixed Hodge structures consisting of torsion 
free objects of type {(0, 0), (0, —1), (—1, 0), (—1, —1)} has a pure geometric descrip- 
tion: MHSf is equivalent to the category A4i(C) of triples [A, G, u], where A is a 
free abelian group of finite rank, viewed as a discrete group scheme over C, G is a 
semi-abelian variety over C and u : A — > G is a group homomorphism. The base field 
C in the definition of A4i(C) can be replaced by any field fc; the resulted category 
A4i(k) is Deligne's category of 1-motives. We will be primary interested in the cat- 
egory A4i(k) Cg> Q of 1-motives up to isogeny which is abelian. For k C C, Deligne 
conjectured the existence of the dashed arrow in the following commutative diagram 

HiLAlbq 

Var k > Mi(k)®Q 

<"> I _ I 

Varc H ^ MHS^ = Mi(C) ®Q, 

where Var^ denotes the category of varieties over k, vertical arrows are the base 
change functors and functor HiLAlbq takes X € Varc to the maximal quotient of 
the Q-Hodge structure H t {X) that belongs to MHSf. The functor H t LAlb q should 
be thought as a higher Albanese functor: for every smooth variety X, HiLAlbq(X) = 
[0,Alb x ,0], where Alb x is Serre's Albanese variety. Deligne's conjecture was proved 
by Barbieri-Viale, Rosenschon and Saito ([BRS]) and by Ramachandran f [R2] ), In 
this paper, we shall show how the functor HiLAlbq can be extended to a triangulated 
functor from the category of Voevodsky 's motives to the derived category of 1-motives 
fitting in a commutative diagram similar to (jl.l|) . 

1.2. Motivic Albanese functor. The first and the most important step in this 
direction was taken by Barbieri-Viale and Kahn who proved in |BK1) that for every 
perfect field k the embedding ( |Vlj . [O]) 

Tot q : D b (M 1 (k) ® Q) -4 DM^J(k; Q) 



A more precise integral version of Deligne's conjecture is not touched in the main body of this 
paper. See however ill. 71 
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admits a left adjoint functor 

LAlbq : DM e /J{k; Q) -> D h {M x {k) ® Q)0 
For k C C, we can consider the composition of LAlbq with the Hodge realization 

T Hod 9 e . D b( Mi ^ 2>Q)-^ D\Mi{C) ® Q) D b (MHSf). 
The goal of this paper is to compute Tq ° ffe o LAlb^. 

1.3. Hodge Albanese functor. To state our main result we define an analog of 
the functor LAlbq on derived category of mixed Hodge structures. We shall say 
that a mixed Q-Hodge structure (W. C Vq, F' C Vq) is effective if F 1 = 0. Denote 
by MHS^fj C MHS® the full subcategory of effective polarizable mixed Hodge 
structures. We prove in Proposition 13.11 that the induced functor 

Tolq : D b (MHSf) -> D b (MHSf ff ) 

is fully faithful and admits a left adjoint functor 

LAlbq~ : D b (MHS® ff ) -> D b (MHS®). 

Explicitly, LAlbq is induced by the exact functor MHS^jj —> MHSf that takes 
V G MHS^ff to its maximal quotient that belongs to MHSf. 

1.4. Main result. For k C C, we denote by 

R^° dae : DMlH(km -»• D\MHS® ff ) 

the homological Hodge realization f |Hulj . |Hu2j ) . In Theorem [3] we construct isomor- 
phism of triangulated functors 

(1.2) Totq o T^ od9e ~ i?^ od9e o Totq, 

(1.3) ZaiSji <° dffe - ^ LAlbq. 

In particular, letting HiLAlbq(X) be the z-th homology of the complex LAZ&q(M (X)) € 
D h (M\{k) <g>Q) we recover the commutative diagram Ql.ip . The advantage of the new 
approach to Deligne's conjecture is the transparent universal property of LAlbq(M(X)) 
similar to the universal property of classical Albanese variety. However, one needs 
the category of Voevodsky motives to state this universal property. 

1.5. Remarks on the proof. The proof of (|1.2p uses in an essential way the DG 
structure on the category of Voevodsky motives constructed in jBVj . The functors 

(1.4) Totq o T^ odge , R^ od9e o Totq : D b {M 1 {k) ® Q) -> D b (MHSf) 

take the abelian category Mi{k) <g> Q C D b (Mi(k) ® Q) to MHSf C D b (MHSf). 
Using the Eilenberg-MacLane cube construction ([LP]) we define in ij3.7H3.8l an iso- 
morphism 

(I- 5 ) (Totq o Tq ° se )\Mi(k)®Q — {Rq° dge °Totq)\ Ml ( k ^q. 

Than, the idea is to use a categorical result from [Vol] (recalled in Theorem [1]), to 
deduce (|1.2[) from (|1.5p . To implement this idea we need to construct DG liftings of 
triangulated categories and functors appearing formula (|1.4j) . The required work is 



As Barbieri-Viale and Kahn pointed out the existence of LAlbq was announced by Voevodsky 
in his letter to Bcilinson in 1992. 
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done in Sj2j where we explain how the Hodge realization functor Rq° dae can be lifted 
to a DG quasi-functor to the derived DG category of Hodge structures. 

Once the isomorphism (|1.2[) is constructed we get a morphism LAlbq o R^ odge — > 

Tq° dge o LAlbq by adjunction. The computation of LAlbq(M(X)) for smooth pro- 
jective varieties from [BK1 together with the Lefschetz (1,1) Theorem completes the 
proof of (fOjl . 



1.6. Historical remarks. The idea to use the functor LAlbq to give a more concep- 
tual proof of Deligne's conjecture is due to Barbieri-Viale and Kahn. In partucular, 
the existence of a canonical isomorphism 

(1.6) ~LAlbq~(Hi(X)) ~ Hi(T^ odge o LAlb Q (M(X))). 

for a scheme X over C was conjectured in QBKlj . §0.11). 
A proof of Proposition 13.11 together with an isomorphism 

Rq° dge ° Tot :.: ° LAlbq ~ Totq o LAlbq o R^ odge 

were independently obtained in f |BK2j . Theorems 17.2.1, 17.3.1). 

1.7. 1-motives with integral coefficients. The integral version of the isomorphism 
(OH is more involved: the functor Tot z : D b (MHSf) -> D b (MHSf ff ) does admit a 
left adjoint functor. To overcome this difficulty we consider the category of M HS E,en 
of enriched polarizable mixed Hodge structures V = (W% C Vz,F' C Vz) with the 
weight filtration defined integrally. An enriched Hodge structure is called effective if 
F 1 = and Wq — V%. We introduce an exact structure on MHS z,en postulating that 
a sequence 

-> F° -> y 1 -> V" 2 ->• 
is exact if, for every i, the sequence of pure integral Hodge structures 

-> Gr^V -> Gr^y 1 -»• Gr^ 2 -> 
splits. Similarly, we define an exact structure on Mi(k) postulating that a sequence 

0^ [A°,G ,u ] -> [ASgVi] -> [A 2 ,G 2 ,w 2 ] -s-0 
is exact if, for i = 0, — 1, —2, the sequence of pure 1-motives 

0^GrV[A°,GVo] -+Grk[A 1 ,G 1 ,ui] ^ Gr^[A 2 , G 2 , u 2 ] 

splits. The derived category of M\{k) equipped with the above exact structure is 
denoted by D b {Mf ar {k)). 

Let k C C be an algebraically closed subficld. In an subsequent paper, we will 
construct a commutative diagram 

DM°ff(k;Z) L ^ D b (Mf ar (k)) 

(1.7) |«r dse { 
D b (MHS^f) ^ D b {MHS^ en ) ~ £> b (Xf Qr (C)). 



^There is another much weaker exact structure on jVli(fc). See f lBKll , §1.4) or £12.111 
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2. Realizations of Voevodsky's motives. 

In this section we construct a DG structure on the category of etale Voevodsky 
motives and then lift Hodge and etale realization functors QHulj . |Hu2j . [DG]) to DG 
quasi-functors. Our choice to work with etale motives rather than with Nisnevich 
ones is motivated only by possible future applications: with rational coefficients the 
two categories are equivalent. 

2.1. DG categories. Let us begin by recalling some constructions from ( [Drij . |BV 
§1). Fix some universes U £ V. W-small DG categories over commutative ring A can 
be organized into a 2-category DGcatu'- for DG categories C\, C%, MorDGcat u {Ci,C2) 
is the category T(C\,C<i) of DG quasi-functors ( |Dri) . §16). Given T <E T(Ci,C2) 
we will write Ho{!F) : Ho(C\) — > Ho(C2) for the corresponding functor between 
the homotopy categories. Informally, the category of DG quasi-functors is obtained 
from the category of DG functors by inverting homotopy equivalences: a DG functor 
T : Ci — > Ci is called a homotopy equivalence if Ho(J-) is an equivalence and, for 
every X, Y s Ci, the morphism Horrid (X,Y) ~> Homc a (J 7 (X),J 7 (Y)) is a quasi- 
isomorphism. If J 7 is a homotopy equivalence and C3 is another DG category then 
the composition with T induces an equivalence of categories: 

T(C 2 ,C 3 ) T(C U C 3 ). 

A DG W-category C is called cocomplete if its homotopy category is cocomplete. The 
DG W-ind-completion of C E DGcatu will be denoted by C^. This is a pretriangulated 
cocomplete V-small DG category satisfying the following universal property: for every 
pretriangulated cocomplete DG W-category C G DGcaty: 

(2.1) T C {^C')^T(C,C), 

where T C (C , C) is the full subcategory of T(C^ 1 C') whose objects are quasi-functors 
T such that Ho{T) commutes with arbitrary W-small direct sums. The triangulated 
category Ho(C^) is the derived category of right DG modules over C and will be 
denoted by D(C)0. 

For a class S of objects of a triangulated category D, the triangulated subcategory 
< S > strongly generated by S is the smallest strictly full triangulated subcategory 
of D that contains S. If D is cocomplete the triangulated subcategory << S » 
generated by S is the smallest strictly full triangulated subcategory of D that contains 
S and is closed under arbitrary W-small direct sums. We will write Z? per/ C D for 
the full subcategory of compact, a.k.a. perfect, objects of D. For a cocomplete DG 
category C we will denote by C perf C C the full DG subcategory that consists of 
objects compact in Ho{C). 

A DG structure on a triangulated category D is a pretriangulated DG category 
C together with a triangulated equivalence between D and Ho(C). A DG structure 



Drinfeld's notation for this category is D(C). We use 15(C) to avoid confusion with Verdier's 
derived category of an abelian category C that is denoted by D(C). 
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on D induces a DG structure on any strictly full triangulated subcategory I <Z D: 
take for Ci the strictly full DG subcategory of C whose objects belong to the essential 
image of the functor I D Ho(C). In particular, for a class S C Ob(D) we refer 
to C<s> C C (resp. C<<s>> C C) as the DG subcategory strongly generated (resp. 
generated) by S. 

For a DG category C € DGcatu its pretriangulated completion C pretr € DGcatu 
is a full subcategory of strongly generated by Ho(C) C Ho(C^). The category 
Qpretr j^g f n ow i n g universal property: for every pretriangulated DG category 
C G DGcatu we have 

(2.2) r(c pre4r ,C) T(c,C). 

For a full subcategory B C C G DGcatu the DG quotient C/£> is a W-small DG 
category equipped with a DG quasi- functor C — >• C /£> satisfying the following universal 
property: for every DG category C £ DGcatu the functor 

(2.3) T(C/B,C')^T(C,C')- 

is fully faithful embedding whose essential image consists of quasi-functors F G 
T(C,C) such that Ho(F)(Ho(B)) = 00 A DG quotient C/B always exists (an unique 
up to a unique isomorphism in DGcatu). In particular, given an A-linear exact cate- 
gory £ we can define its bounded derived DG category D h dg {£) to be the DG quotient 
of the DG category C^ g (£) of bounded complexes by the subcategory of acyclic ones 
(IS], §1)- 

We will use the following result ( [Vol] . Theorem 1). 

Theorem 1. Let £ be a U -small A-linear exact category and £' a U -small abelian A- 
linear category. Assume that for every two objects X, Y G £ , the A-module Hom(X, Y) 
is flat. 

(1) Let 

F:D b dg (£)^D b dcj {£') 
be a DG quasi-functor satisfying the following property: 
(P) The functors 

WF:£^ D b dg {£) A D b dg {£') ^ £' 

are for every i < and effaceable ( i.e., for every object X G £ , there 
is an admissible monomorphism X c — > Y such that the induced morphism 
H^iX) H l T{Y) is OJ for every i > 0. 

Then the functor F := H°J- :£—}£' is left exact, has a right derived DG 
quasi-functor ^ [Drij §5j 

RF:D b dg (£)^D b dg {£'), 

and there is a unique isomorphism F ~ RF such that the induced automor- 
phism F — H°(F) ~ H°(RF) = F equals Id. Conversely, the right derived 
DG quasi-functor of any left exact functor F : £ — >■ £' satisfies property (P). 

(2) For every two DG quasi-functors F,Q G F{D b dg {£),D b dg {£')) satisfying prop- 
erty (P) and every i < 

H ° m nD> e (S),D> e (S'))(F,G[i\)=0, 



'In particular, if B is nonempty and Ho(C') does not have a zero object T(C/I3,C') is empty. 
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Hom T(D\ g {e),D\ g {e>)){F,G) = Hom Fcti£i£l) (H J r ,H°g). 

Here Fct(£,£') denotes the category of all A-linear functors £ — > £' . 

Having the 2-category DGcat we define the notion of adjoint DG quasi-functors: 
given J- G TiCx^C^) a right adjunction datura {Q,v 1 fJ>) consists of a quasi-functor 
Q G T{C-2, Ci) together with morphisms v : Id — > Q o T ", \i : T ' o Q ~ Id such that the 
compositions 

J 7 — > Jo£/o / — > T 7 

y — > y o J- o y — y y 

are identity morphisms. It is a general property of 2-categories that the adjunction 
datum if it exists is unique up to a unique isomorphism ( [Ben ) . If this is the case we 
call G the right adjoint quasi-functor. Similarly, one defines the notion of left adjoint 
quasi-functor. 

Lemma 2.1. Let C\^Ci be pretriangulated DG categories and let J- :G T{C\,C2) be 
a DG qusi-functor. Assume that iJo(J 7 ) admits a right (resp. left) adjoint functor. 
Then T admits a right (resp. left) adjoint quasi-functor. 

Proof. For every J- G T(Ci,C-2) the induced functor J-* : — > Co admits a right 
adjoint quasi-functor J 7 , G T(C|,Cp ( [Dri] , §14). If Ho{Q) is a right adjoint to 
Ho{T), for every X G C%, H (X) ~ Ho{G)(X) in Ho{Cj). Thus Ho(^) takes 
Ho{C2) into the essential image of Ho(C\) ^ Ho(Cj_). Left adjoint functors are 
treated similarly. □ 

Conventions: Unless stated otherwise, all categories assumed to be W-small. We 
will write DGcat for DGcatu. All fields, rings, modules that we will consider assumed 
to be W-small. 

2.2. DG category of Etale Voevodsky motives. Let A a commutative ring and 
let k be a of finite etale homological dimension with respect to A, i.e. there exists 
an integer N such that, for every discrete A[Gal(k / k)]-modu\e M and every integer 
m> N, 

(2.4) H m (Gal(k/k),M) = 0. 

Let Srrik be the category of smooth varieties over k. We will write A tr [S'm] = 
At r [Smk] for the category whose objects are smooth varieties and morphisms are 
finite correspondences with coefficients in A QBV], §2.1.2). This an ^4-linear additive 
category and as such it can be viewed as a DG category over A. Let PSh tr = 
PShf r (Srrik) be the (abelian) category of presheaves of ^-modules with transfers on 
Snik i.e., the category of contravariant A-linear functors A tr [Sm] — > Mod(A), and 
let D (PSh tr ) be its derived category. We endow D(PSh tr ) with a DG structure 

Ho( A tr [Smj ) ~ B(A tr [Sm]) ~ D(PSh tr ). 

Remark 2.2. The Yoneda embedding defines a homotopy equivalence A tr [Smj ^> 
D dg (PSh tr ) ([BV], §1.6.4, 1.8). 
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If X G Srrik we write j4i r [X] for the presheaf represented by X. Consider the 
following types of complexes in PShtr- 

(A) The 2-term complexes A tr [X x A 1 ] — > A tr [X], where X G Snik and the 
differential comes from the projection X x A 1 —tX. 

(Et) The complexes of the form A tr [[/.] — > A tr [X], where U. — > X , Ui G Snik, is a 
hypercovering for the etale topology ; S( I A Ij. V §7.3) and A tr [U.] is the corresponding 
normalized complex. 

Let If*, It*' A be the subcategories of A tr [Smj generated by the objects of the 

corresponding types. We define the DG category DA4^{ (k;A) of effective etale Vo- 
evodsky motives to be the DG quotent of A tr [Smj by / t e r t,A . The triangulated category 

Ho{DM e J t f {k-A)) ~ D{PSh tr )/Ho{lf r A ) is denoted by DM° t ff (k;A). By abuse of 
notation we shall write At r [X] for the object of the quotient category DM^l (k; A) 
corresponding to the presheaf A tr [X] (i.e. the motive of X ). The triangulated cat- 
egory DMgfJ et (k; A) of effective geometric etale motives is the smallest Karoubian 

complete strictly full triangulated subcategory of DM^f* (k; A) that contains all ob- 
jects of the form j4 tr .[X], where X G Snik- Being a full subcategory of category 
equipped with a DG structure DM g fJ et (k; A) inherits a DG structure that we denote 
by DM e g f ^ et {k; A). 

The tensor structure on the category A tr [Sm] given by cartesian product of schemes 
induces a homotopy tensor structure on DA4 e g { r { et (k; A) , DAd e e { (k; A) ( |B V] . §1.9, 
2.3.) In particular, DM g lf et (k; A), DM^/ (k; A) are tensor categories. 

Lemma 2.3. DM e J f (k; A)P er f = DM g {l et (k; A). 

Proof. The etale coverings define a Grothendieck topology on A tr [Sm] ([BV], §4.3). 
Let Shll C PSh^l be the category of sheaves with transfers. According to ([BV], 
§1.11; 4.3) the sheafification functor PShf* — > Shll induces a homotopy equivalence 

D dg (PSh tr )/I% D dg (Shf r ). 

Hence, 

(2.5) DM'J f (k; A) ^ D dg (Shf r )/4. 

Let us check that, for every X G Sink, the sheaf A tr [X] is a compact object of D(Shf r ) 
i.e., for every Fi G D(Sh^), i G /, and every integer m, the canonical morphism 

^Hom D{SKt) {A tr [X],Fi[m]) ~®R m T{X,Fi) -> R m T(X,^Fi) 

is an isomorphism. If each Fi is a single sheaf the claim follows from (|SGA4, VII, 
3.3 ) (and holds for any field k). On the other hand, under (|2.4p . for every sheaf F 
of A-modules and every integer I > N + IdimX + I =: N' , H l et (X, F) = ( [SGA4j . 
X, 4.3 ) . Thus, replacing each Fi by its canonical truncation we may assume that 
Fi is supported in homological degrees between m — N' and m. Our claim follows by 
devissage. 

In particular, the subcategory Ho(I^) C D(Shf*) is generated by compact objects. 
Hence, by ( [BV] . §1.4.2, Proposition (ii)) the sheaves A tr [X] remain compact in the 
quotient category D(Sh^)/ Ho(I^). Part (i) of the same proposition completes the 
proof. □ 
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Corollary 2.4. The category DM^{ (k; A) is compactly generated. 

Indeed, the category DM^{ (k; A) is generated by motives of smooth varieties 
which are compact by the lemma. 

Corollary 2.5. // (DA4 e g l,{ et (k; Z) ® Q) K denotes the homotopy idempotent comple- 
tion ( ]B V] . §1.6.2) of DM e g {f et (fc;Z) ®Q, the canonical morphism 

(DM e g {l et (k; Z) ® Q) K -> DM e /J,et{k; Q) 

is a homotopy equivalence. 

Proof. It suffices to check that for every I,F6 S*m the map 

^om DM e //(fc . z) (Z tr [X],Z fr [r]) ® Q -)• ffom DM «// (fc;Z) (Z tr [X],Q tr [y]) 

-A- Ham DKl s (km (Q tr [X] , Q tr [Y] ) 

is an isomorphism. Write Qt r [Y] as the direct limit of the diagram Z tr [Y] — > 
%tr[Y} -^4 Zf r [Y] — • • • . Since Z tr [X] is perfect, iJoro BM e// (fe . z) (Z tr [X], Q 4r [Y]) is 
the direct limit of 

ffom CM e e t // (t ; z)( Z "'W. Z f[ y l) — > Hom DM .jf ik . z) (Z tr [X},Z tr [Y}) — > ■■■ . 

□ 

Remark 2.6. Voevodsky's category DM_£ t (k; A) is the image D~(Shf r ) in DM^^Qe; 

Replacing in the definition of DM. e e { {k; A) etale hypercoverings by Nisnevich ones 
we obtain the DG category DA4 e '-' (k; A) of effective Voevodsky motives ( |B Vj ) . The 
DG quasi-functor 

DM eff (k; A) -> DM e J f (k; A) 

is a homotopy equivalence for every A D Q. This is derived from the equivalence 
Shf r A (Sm k ) ^ Sh^ sA (Sm k ) §3.3). 

2.3. Base change. Let k C kl be a field extension. The functor 

(2.6) A tr [Sm k ] ^ A tr [Sm k '] 

that takes a smooth fc-scheme X to fc'-scheme X x speck speck' induces DG quasi- 
functors 

(2.7) /* : DM eff (k;A) -> DM eff (k';A), f* : DM e J f (k; A) ^ DM e J f (k'; A). 

We want to describe explicitly the effect /* on a complex of presheaves with transfers. 
Consider the left Kan extension of (I2.6[) 

f- 1 : PSh tr (Sm k ) -y PSh tr (Sm k >). 

If E € PSht r (Sm k ) is a presheaf on the category j4.{ r [Smfc], 

f^EtX) = colim F(Y), 

(Y,g£cor k (X,Y)) 

where X is a smooth scheme over k! and the colimit is taken over the category 
C all pairs (Y, g s corfc(X, Y) = cor k >(X,Y x speck speck')) with Y G J 4t r .[S l m/ C ']; 
Homc((Y, g), (Y' , </)) = {/i S corfe(F, Y') : ho g — g'}. One can easily check that the 
category C is cofiltrant f |KS] . §3.1). As a consequence, the functor / _1 is exact. 
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Remark 2.7. The subcategory C C C of pairs (Y, g) where Y G Sink, g is a morphism 
X -> Y of fc-schemes, and Hom c >{{Y,g), (Y',g')) = {h 6 Mor fe (r,F') :hog = g'} is 
co-cofinal in C ([KS], §2.5). In particular, 

f~ r E{X) = colimF{Y). 

As an exact functor / _1 extends in the obvious way to a DG quasi- functor between 
the DG derived categories of presheaves and this extension fits into the following 
commutative diagram 

DM e J f {k-A) <— A tr [Sm k ^ D dg (PSh tr (Sm k )) 



r 



I I'"' 



where o = ei or Ais, the left vertical arrow is induced by (|2.6p . and the horizontal 
homotopy equivalences are induced by the Yoneda embeddings. 

2.4. h-topology. We shall recall below a different description of the category DM. e e y (k 
that does not involve finite correspondences. This description will be used in our con- 
struction of the realization functors. In the rest of this section char k = 0. 

Let A[Sm,k] = A[Sm] be the category, whose objects are smooth varieties over k 
and whose morphisms are defined by the formula 

Hom AlSm ](A[\JtXi],A\Y]) = ®iA[Mor(Xi,Y)}, 

where Xi are connected varieties. Denote by PSh the category of contravariant bi- 
linear functors A[Sm] — > Mod(A). Consider the pair of adjoint DG quasi-functors 

$* : A[Sm\ -> A tr [Sm] 



$* : A tr [Sm] -> A[Sr 



induced by $ : A [Sm] — > A tr [Sm]. The triangulated functor 

Ho($A : Ho(A tr [Sm]) ~ D(PSh tr ) -> D(PSh) ~ Ho{A[Sm\ 
> > 



is induced by the forgetful functor PSh tr -t PSh; Ho($*) is left adjoint to Ho($*). 
Let I h C A[5Vnj (resp. C A tr [Smj ) be the DG subcategory generated by objects 

of the form 

(h) A[U] -> A[X] (resp. A tr [U] -> A tr [X}), 

where U. — > X , Ui G Sm,k, is a hypercovering for the h-topology ( |SVj . §10), and 
let I h ' A C A[5W] (resp. C A tr [S'm]) be the subcategory generated by I h (resp. 

/£) and objects of the form A[X x A 1 ] -> (resp. of type (A).) The functor $* 

takes I h into and, hence, descends to a DG quasi-functor: 

1* : A\Sm \/I h -> A fr [SmJ /j£. 

The following proposition is essentially a reformulation of a result proven by Vo- 
evodsky ([Vl], Theorem 4.1.12). 
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Proposition 2.8. a) The quasi-functor <fr is a homotopy equivalence. 

b) The composition Ho(l' t l r ) -> D{PSh tr ) -> DM e J f {k;A) is zero. 

c) The junctor $ yields a homotopy equivalences: 

A[Sm] /I h ' A A tr [Sm] /lk A DM e e { f (k; A). 

Proof. We will derive the proposition from Voevodsky's results. Let Sh be the cate- 
gory of sheaves of A-modules on smooth schemes equipped with the ^.-topology, and 
let A"[X] be the /i-sheaf associated with Then 

(2.8) A h [X] ^ A tr [X]. 

This follows by combining ( |V2j . Theorem 3.3.5, Proposition 3.3.6) and QBVj . 2.1.3) 
with the observation that the category of /i-sheaves on smooth schemes is equivalent 
to the one on all A;-schemes of finite type. The last assertion holds because every 
scheme of finite type over a field of characteristic admits a smooth /i-cover. 

It follows from (J2IBJ) that the forgetful functor ffo($*) : D{PSh tr ) -> D(PSh) 
takes every complex in Ho(lj} r ) to an object of Ho(I h ) ( |B Vj . 1.11). Consider the 
induced functor: 

i2o(!,) : D{PSh tr )/Ho{I^ r ) -> D(PSh)/ Ho{I h ). 

We claim that Ho^*) and Ho(Q>*) are inverse one to the other. Indeed, (|2.8j) implies 
that Ho($*) o Ho($*) ~ Id. Next, since Ho{<$>*) is left adjoint to Ho($*), Ho($*) 
is left adjoint to Ho(&*). This implies that Ho(Q ) is fully faithful. Since is 
obviously surjective, the first part of the proposition is proved. Part b) follows from 
( [Vlj ■ Theorem 4.1.12). The last part is a corollary of a) and b). □ 

2.5. Compactiflcations. Let A [5m] be the category whose objects are triples (X, X, j), 
where X is smooth proper scheme over C and j : X —} X is an open dense embedding 
such that the complement X\X is a divisor with normal crossings. The space of 
morphisms between two such triples (X,X,j) and (X',X with connected X is 
freely generated over A by pairs (/ : Xi — > X' , g : Xi — > X ) such that j'f — gj. In 
general, 

ffom AW (A[(U^ I Ljr j ,i)]^) = ®iHom Am (A[(X i ,X i ,j)],X'), 

where Xi are connected and X' — A[(X',X Let Af be the DG subcategory of 

A [Sm] generated by complexes of the form 

(N) A[X 1 X~\jx']^— 2 $ > A[X,X~,jx\- _ 

The functor v4[5m] — > A[Sm] that takes a triple (X,X,j) to X induces a DG 
quasi-functor 

(2.9) A\Sm^ /N ^ A[Sm\ . 

Lemma 2.9. The functor 112. 9]) is a homotopy equivalence. 

Proof. Denote by S C Mor(A[Sm\) the set of morphisms of the form 

(2-10) (X,x\jx') {1 -^ (X,X, JX ). 

It follows from the Hironaka theorem on resolution of singularieties that the set S is a 
left multiplicative system and that, if A[5to]s is the localization of A [Sm] by S f [KS) . 
§7), the functor A[Sm]s — > A[5m] induced by ^4[5m] — > A[Sm] is an equivalence of 
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categories. The rest of the proof is a bit of abstract nonsense. It will suffice to prove 
that for any additive category A and a left multiplicative system S C Mor(A) the 
functor 

T : HoiA^/M) Ho(^s) 
is an equivalence of triangulated categories. Here M denotes the DG subcategory of 
y| generated by complexes of the form X' A X, where X, X' e A and s£S. For 
every X, Y € A, i £ Z we have 

Hom Ho( A /tf)(X,Y[i]) ~ Hom Ha (A P erf /jj-perf-)(X,Y[i]) ~ co^m i/or7i ffo( _4)(C, 

where the colimit is taken over the cofiltrant category Q of pairs (C 6 _£fo(y| pe ''^), <? : 

C -> X) with cone(g) <E Ho{Af perf ). The subcategory Q' <Z Q formed (X' G A s : 

X' — > X) with s € 5 is cofinal in Q. Hence 

(2.11) 

Hom Ho{ ^/M)(X,Y[i\) ~ co^m Hom Ho ^(X' ,Y[i]) -)■ Hom Ho{ ^ s) (X, Y[i}). 

(In particular, all groups are for i 7^ 0.) Since objects of .4 generate £fo(y|), 
Ho(A f /J\f) and are compact in the both categories ( |B Vj . Proposition 1.4.2) formula 
([2"TT]) implies that T is fully faithful. 

It remains to check that T is essentially surjective. Indeed, T provides an equiv- 
alence of Ho(A f /N) with a full triangulated subcategory of Ho(A^s) which is closed 
under under small direct sums and contains As ■ Every subcategory with these prop- 
erties coincides with Ho(A^s)- O 

2.6. DG realizations of DM. e J t ^ {k; A). Let C be a pretriangulated cocomplete DG 
category over A, and let T : A\Sm\ — > C (rcsp. T : A\Sm\ — > C) be a DG quasi- 
functor. According to formula (|2.1j) J- extends uniquely (up to a unique isomorphism) 
to a DG quasi-functor : A\Sm\ —} C (resp. : A[5Wj — > C) such that i?o(Jp 

commutes with arbitrary direct sums. Let T h ' A {A[Sm], C) (resp. T h ' A "^(A[Sm],C) 
) be a full subcategory of T(A[Sm],C) (resp. T(A[Sm],Cj) whose objects are quasi- 
functors T such that Ho(^) takes complexes of type (h), (A) (resp. (h), (A), (N)) to 
in Ho(C). The following result is the basic tool for constructing various realization 
functors. 

Theorem 2. The functor $ induces an equivalence of triangulated categories 

T c {DM e J f (k;A) 7 C) T h - A {A[Sm},C) T h ' A ' N ' {A\Sm\,C) 

where T c (DA4l{^ (k; A),C) is the full subcategory of T(T)M. e J t ^ (fc; A),C) formed by 
quasi- functors J- such that Ho(J-) commutes with arbitrary direct sums. 

Proof. This is an immediate corollary of part c) of Proposition 12. 81 □ 

2.7. Betti realization, k = C. Let Dd g (Mod(A)) be the derived DG category of 
A- modules i.e., the DG quotient of the category C(Mod(A)) of unbounded complexes 
of A-modules by the subcategory of acyclic ones. We apply Theorem [5] to the quasi- 
functor C^" 9 : A[Sm] -> C(Mod(A)) D dg (Mod(A)) that takes a smooth variety X 
to its singular chain complex C smg (X(C))®A. Since singular homology are homotopy 
invariant and satisfy the descent property for the /i-topology C s ™ 9 yields a DG quasi- 
functor 

Ri etti : DM e J f (C;A) -> D dg (Mod(A)). 
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2.8. Hodge realization. Let Z C A C Q be a subring, and let MHS A be the 
category of polarizable mixed A- Hodge structures ( |D3j ) . We shall say that a Hodge 
structure (V A , W. C Vq, F' C V c ) G MHS a is effective if 

(2.12) F x =0. 
Note that the condition (|2.12l) implies that 

W = Vq. 

Denote by MHS A ^ C MHS A the full subcategory of effective Hodge structures. We 
shall construct a DG quasi-functor, 

(2.13) R H A ° ds& : DM e /J,et(C; ^ -V D b dg (MHS A f ), 
together with an isomorphism of quasi-functors 

F o R H A ° d ^ ~ i?f : DM% tet (C; A) -> D d9 (M d(A)). 

Here F : D b dg (MHS A ff ) -> D dg {Mod{A)) is the forgetful functor. 

Beilinson associated with every variety X over C an element of the derived category 
D b (M H S A ) whose cohomology are Deligne's mixed Hodge structures on (co)homology 
groups of X. In fact, his construction gives a DG quasi-functor A[Sm] — > D b dg {MHS A ). 
Let us explain this. In ( |Bei| . §3.9-4.1) Beilinson introduced auxiliary triangulated 
categories K b ~ , D b ~ of p-Hodge complexes. We define DG structures on these cat- 

rip lip 

egories: consider a DG category C h ~ whose objects are p-Hodge complexes and the 

ftp * 

group i7om((J r ', d^), (Q\ dg)[n\) of degree n morphisms between p-Hodge complexes 
{P,d T ) = F A ^P' Q J^- (F Q , Wq) ^ (f q , W q ) (F Q , Wq, F), 
(G\d g ) = g A ^g' q ^- (g Q7 w q ) ^ (G' q ,W Q ) ^ (g Q ,W Q ,F) 

is a subgroup of J\ Hom(T' ,Q' +n ) formed by all h G J\ Hom(F' ,0' +n ) such that 

a) h commutes with a, /3, 7 and 5 (but not necessarily with the differential) 

b) h preserves the Hodge filtration 

c) h shifts the weight filtration: h(W.) C W— n 

d) d Q o h - (-l) n h o djr takes W. to W.- n -x. 

The formula d(h) := dgoh—(—l) n hodj? defines a differential on Hom((P' , dp), (Q' ,dg)[-]). 
By definition, Beilinson's category K h ~ is the homotopy category of C h ~ . We have 

rip rip 

a DG functor 

(2.14) C b {MHS A ) -¥ 

that takes a complex V — (Va,W. C Vq,F' C Vc) of Hodge structures to the p- 
Hodgc complex F with Fa = Va, Fq = Fq = Vq, P' c = Ffc = Vc, F = F', and 
W i (P Q ) = W i+j (V Q l). 

Denote by D b ~ the DG quotient of C h ~ by the subcategory acyclic complexes. 

dQ tip rip 

Then the functor (|2.14[) descends to a homotopy equivalence ( [Beij , Lemmas 2.1 
and 3.11): 

D b g (MHS A )^D b 



° Warning: a p-Hodge complex (P' , djr) is called acyclic if Ta is acyclic. The subcomplexes Wq 
need not be acyclic. 
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Next, with every {X, X, j) 6 -AfSVn] Beilinson associated a canonical p- Hodge complex 
V[X,X]. Set R" od9e ((X,X,j)) = Hgm (V[X,X],A). We obtain DG quasi-functors: 

R H A od9e :A\Sm\ C^, 
~^ H A ° d9e : A\Sm^ -+ ^ D dg (AIHS A ) -A D dg (Ind(MHS A )), 

where Ind(MHS A ) denotes the ind-completion of MHS A and V is induced (via (|2.ip 
) by the embedding MHS A — > Ind{MHS A ). By construction, the composition of 
^Hodge w . th forgetful functor : D dg (Ind(MHS A )) -> D d9 (Mod(4)) is iso- 
morphic to A[5V^j -> DM e J f (C;A) D dg (Mod(A)). Now Ho(R,"° d9e ) carries 

complexes of type (/i), (A), (iV) to 0, because Ho(F^) is conservative. Theorem [2] 
gives 

^Hodge . DM ^f^. A ^ D dg (Ind(MHS A )). 

The functor Ho(R^ od9e ) takes every geometric motive to the essential image of the 
fully faithful embedding D b (MHS A ) ^ D(Ind(MHS A )). This yields 

R H A ° d9e : DM e g f l et {^A) -> D b dg (MHS A ). 

We will show in Proposition O that the functor D b (MHS A ff ) D b (MHS A ) in- 
duced by the embedding MHS A ^ °-?> MHS A is fully faithful. Since the mixed Hodge 
structures on the homology groups of any variety are effective, it follows that the DG 
quasi- functor R A odge factors uniquely through D dg (M H S A j *) . This gives (|2.13l) . 
If k C C, we will write R A Iod9e for the composition 

(2.15) DM e £ iet (k; A) A DM e g ^ et {^ A) -> D b dg (M H S A f ) , 
where /* is the base change functor from H2.3I 

2.9. Etale realization. Fix an algebraic closure k C k. Denote by Mod(G,A) 
the category of discrete A-modules over the Galois group G := Gal(k/k) Q and by 
D dg (G, A) its derived DG category. Let C A : D dg (PSh A (Sm k )) -> D dg (PSh A {Sm k )) 
be the A 1 -homotopy localization endofunctor ( |B V] . §3.1.1). Consider a DG quasi- 
functor 

S A : D dg {PSh A r (Sm k )) -> Dd g (G,A) 
that takes a complex of presheaves F to 

Sa(F) = C A {F)(speck) := colim_C A {F)(speck'), 

fcCfc'Cfe 

where fc' runs through all finite extensions of A: in /c. According to the Suslin- 
Voevodsky theorem ( |SVj ) for X one has a canonical isomorphism of G-modules 

(2.16) H t {S z/n {Z/n tr [X})) ~ x speck,Z/n). 
Here is a more precise statement. 



^Recall that a G-module M is called discrete if the stabilizer of every element m £ M is open in 

G. 
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Proposition 2.10. We have 

(2.17) Ho{S A ){Ho{lf r A )) = 0. 
Thus, Sa induces a DG quasi-functor 

Sa ■ DM e J f (k; A) -> D dg (G, A). 
The functor S%/ n is a homotopy equivalence: 

(2.18) Ho(S z/n ) : DM e J f {k; Z/n) ^ D dg (G, Z/n). 

Proof. Assume, first, A = Z/n. In this case, formula (|2.17|) is proved in ( |M VW) . 
Theorem 9.35 ). It is also shown there that Ho(S%/ n ) induces an equivalence of the 
bounded from above categories: 

DMt f { t (k;Z/n) -A- D~{G,Z/n). 

This together with (|2.16|) implies 

Ho(S z/n ) : DM*i f (k;Z/n) perf D(G,Z/n) per f . 

Since Ho{Sj d / n ) commutes with arbitrary direct sums the equivalence (|2.18j) follows 
from Corollary [231 

Let us prove the first claim of the proposition. It suffices to check that H o(Sz)(M) = 
0, for every complex M G Ho(If r ' ) of type (A) and of type (Et) (with A = Z). In 
either case M is a complex of torsion- free presheaves. Consider the distinguished 
triangle 

Ho(S z )(M) ® Q/Z[-l] -> Ho(S z )(M) -¥ Ho(S z )(M) ® Q -> Ho{S z ){M) ® Q/Z. 

The complex Ho(Sz)(M) <g> Q is acyclic by ( |MVWj , Theorem 9.35 ). The complex 
Ho(S%)(M)®Q/Z is a colimit of acyclic complexes Ho(Sz)(M)^>—Z/Z over a filtrant 
category This implies that Ho(Sz)(M) is acyclic. □ 

Let 2 be a prime number. Denote by Mod(G,Z/l) the abelian category whose ob- 
jects are inverse systems •••—>■ JVj -^4 Aj_i —>■••• Ai, where A, £ Mod(G, Z/l l ) 
and <^ are morphisms of G-modules. A morphism AT. — > A' is a compatible sys- 
tem of homomorphisms JVj — ► A/. Denote and Dd g (G,Z/l') the derived DG cat- 
egory of Mod{G,Z/V). Let Mod(G 1 Z) -» Mod(G,Z/V) be the functor that takes 
A e Mod(G,Zi) to the inverse system A. := A <g> Z/f, and let 

®Z/r :J D ds (G,Z)^£> dff (G,Z/r) 

be its left derived DG quasi-functor f |Dri| . §5). Consider the composition of quasi- 
functors 

L 

(2.19) B$ /v : DM e J f (k;Z) A D dg (G,Z) D(G,Z/V). 
Proposition 2.11. There is a morphism of DG quasi-functors 

(2.20) 5 Z -> i?f ettl : DMf (C;Z) -> D dg {Mod{Z)) 
such that for every integer n the induced morphism 
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is an isomorphism. In particular, 

(2.21) R°* /v ~R£ etti i z/r. 

Proof. For the first statement, according to Theorem [2] it suffices to construct a mor- 
phism between DG quasi-functors 

Si -> C s z mg : Z[Sm] -> D dg (Mod(Z)). 

Consider a third functor C DT : Z[Sm] — > D^ g (Mod(Z)) that takes a variety X to 
its Dold- Thorn complex Hom top (A top , U d S d X(C)) + §1). We have canonical 

morphisms 

(2.22) C s ™ 9 -y C DT 4- S z 

with the first arrow being a quasi-isomorphism f [DT] : |SVj . Theorem 8.2). This yields 

The second arrow in (|2.22p induces a quasi-isomorphism 5z ® Z/n — >• C' 07 " <g> Z/n 
by a key result of Suslin and Voevodsky f |SV| . Theorem 8.3). □ 



Let Mod(G, Z;) be the category of all Z;-modules over G, and let 



lim : Mod(G,Z/V) -4 Mod{G,Z{) 
be the inverse limit functor. 

Corollary 2.12. For every geometric motive M G DM e gm et (C; Z) and integer i one 
has a natural isomorphism 

limiFOR^M)) ~ Hi(R% etu (M)) <E)Zi. 

Indeed, for every geometric motive M, the complex R^ etu (M) is perfect, i.e. quasi- 
isomorphic to a finite complex of finitely generated free abelian groups. Hence, by 
( [AM] , pp 107-109) 

\\mH l (R^ ettl (M) ® Z/r) ~ Hi(Ri etti (M))®Zi. 

2.10. Relation to Huber's approach. Huber's Hodge realization functor f |Hul) . 
Corollary 2.3.5) is the dual to the functor Ho(Rq° d9e ) defined above. This can be 
seen as follows. By Proposition 12.81 the functor 

(2.23) Ho(T) : Ho( Q[Smj ) -> DM eff {k; Q) 

induced by Q[Sm] -> Q tr [Sm\ exhibits DM eff (k;Q) as a quotient of Ho( Q[Sm] ). 

Thus, giving an isomorphism between two triangulated realization functors on DM e ^ [k; 
is equivalent to giving an isomorphism between their compositions with (|2.23j) . The 
comparison result follows by inspection. 

Remark 2.13. To construct the Hodge realization functor, Huber defined in ( |Hu2j ) 
a functor iJo($») : DM e f*(k; Q) — > DSmk, where DSmk is a certain quotient of the 
category Ho( Q[Sm] ) such that i?o($„) o Ho($>*) is the projection. In Remark on 

p. 197 of loc. cit. she conjectured that i/o(<I>*) is an equivalence of categories. In 
fact, her conjecture follows from ( jS Vj . Lemma 5.16). Note that Huber does not use 
explicitly Voevodsky's results on /i-topology. The integral theory (i.e., Ho(R^ od9e )) 
is missing in QHulj . |Hu2j ). 
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2.11. 1-motives. All the results and constructions in this subsection are borrowed 
from jBKlj . |D3j . [O] , Let k be a field of characteristic 0. A l-motive over k is a 
complex of group schemes 

M = [A G], 

where A is a fc-lattice (i.e., a group scheme such that A(fc) is a discrete Gal(k/k)- 
module isomorphic to II' as an abelian group and the canonical morphism A(fc) x 
spec k — > A is an isomorphism) and G is a semi-abelian fc-scheme. Morphisms between 
1-motives are given by commutative squares. The (additive) category of 1-motives is 
denoted by Mi = Mi{k). The category Mi ® Q is abelian. 

For an abelian group scheme H over fc we denote by H the corresponding etale 
sheaf on Smj, 

H(X) := Hom{X,H). 

If the neutral component H° is quasi-projective the sheaf H_ has a unique structure 
of a sheaf with transfers ( |BKlj . Lemma 1.3.2). Let 

(2.24) Tot : C b {Mi) -¥ C b (Shf r ) 

be the DG functor that takes a l-motive [A — G] G Mi C G b (.Mi) to the complex 

A -"-> G. 

As a complex, A is placed in degree and G in degree 1. We introduce a structure of 
an exact category on Mi: a complex M' S C b (Mi) is said to be acyclic if Tot(M') 
is acyclic. The homotopy category of acyclic complexes is strongly generated by 
short exact sequences. Let D b dg (Mi) be the derived DG category of Mi. We get a 
DG quasi-functor 

(2.25) D b dg (Mi) -> D b dg {Shf r ) S DM e £(k; Z). 

Let d<:iDM e gr l et (k; 1) be the homotopy idempotent completion of the full subcate- 
gory of DMgm ^ik-jZ) strongly generated by motives of smooth curves. Then, ac- 
cording to ( [BET] . Theo rem 2.1.2) the functor (|2.25|) induces a homotopy equivalence 
between D b dg (Mi) and d<iDM e JJ let (k;'L). In particular, the functor (|2.25|) factors 
through the subcategory of geometric motives: 

Tot z : D b dg (Mi) DM e /J tet (k;Z). 
For a subring 4 C Q we set 

TotA : <(Mi ®A)<— D b dg (Mi) ® A ^4 DM e g U{k; A). 

The left arrow is a homotopy equivalence f |BKlj . Corollary 1.6.2). As in the integral 
case, Tot a is a homotopy equivalence between D b (Mi®A) and d<iDM e g H et (k; A) c 
DM e g H et {k; A). For A = Q this result was announced by Voevodsky and proved by 
Orgogozo [Q] , 

According to ( BKl|, §5) the triangulated functor Ho(Totq) has a left adjoint 
functor; thus by Lemma I2TT1 so does the functor Totq. We denote the left adjoint DG 
quasi-functor by 

LAlbq : DM e ^{k; Q) D b dg (Mi ® Q). 



^Replacing in 1 12. 241 1 the etale topology by Zariski one we obtain a stronger exact structure defined 
in [O 
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In ( |D3j . §10.1) Deligne constructed an equivalence of categories 
(2.26) Mx(C) MHSf. 

where MHSf is the full subcategory of the category MHS Z of mixed polarizable 
Hodge structures that consists of torsion- free objects of type {(0, 0), (0, —1), (—1, 0), (— 1, 
As a subcategory of an abelian category MHSf inherits an exact structure. It follows 
easily from f [BKlj . Proposition 1.4.1) that (|2.26|) is, in fact, an equivalence of exact 
categories. For k c C, A c Q, we set 

Tt d9e ■■ D h dg {Mm) -+ D^M^C)) "> D b (MHSf), 

TA° dge ■D b dg {M 1 {k)®A) z ^ D\MHS£). 
The 1-adic realization of 1-motives ([BKl], C.6) will be denoted by 
Tz/i- '■ D h dg (M\{k)) > D dg (G, Z/l). 

3. Proofs 

3.1. Functor LAlbq. Fix a subring Z C A C <Q>. Recall that a mixed polarizable 
Hodge structure [V A ,W. C Vq, F' C Vfc) 6 MHS A is called effective if F 1 = 0. We 
will write MHS A jj C MHS A for the full subcategory of effective Hodge structures. 
Let 

Tc4 A : D b dg (MHS A ) -> D b dg {MHS A f ) 
be the functor induced by the embedding MHS A C MHS A ^. 

Proposition 3.1. The functor Ho{TotA) is fully faithful. The functor TottQ has a 
left adjoint functor 

LATb q : D b dg {MHS% } ) -> D b dg {MHS% 

which is t-exact i.e., for every M £ MHS^p Ho(LAlbq)(M) is isomorphic to an 
object ofMHSf C D b (MHS®). 

Proof. It is known that the category MHS A of polarizable mixed Hodge structures 
has homological dimension 1 {i.e., Ext l (M,N) — for every M,N e MHS A and 
every i > 1. See [Beij . Corollary 1.10). The first claim of the proposition follows from 
this fact and the next lemma. 

Lemma 3.2. Let B be an abelian category of homological dimension < 1 and let 
A C B be a full abelian subcategory closed under extensions. Then 

a) homological dimension of A is at most 1 

b) the functor D b (A) ->• D b {B) is fully faithful. 

Proof, a) It is enough to check that for every Mi, M 2 , M 3 € A the Yoneda product 

Ext 1 A (M 1 ,M 2 ) x Ext 1 A (M 2 ,M 3 ) ->• Ext 2 A (M u Mz) 
is 0. In turn, this is equivalent to showing that for every extensions 
(3.1) -)• M 2 -> iVi -> Mi -> 

-> M 3 -> iV 2 -)• M 2 -> 

there exists an object P € .4 with a 3 step filtration C M3 C iV 2 C P such that the 
extension 

-> AT 2 /M 3 = M 2 -> P/M 3 -> P/7V 2 ->• 
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is isomorphic to (|3.1j) . Since Extg(Mi, M3) = there exists P £ B with these 
properties and since A C B is closed under extensions P £ A. 

b) It is enough to show that for every Mi , M2 £ A and for every i > the morphism 
(3.2) Ext\(M, N) ->■ Ext i B (M, N) 

is an isomorphism. This is true for i = because A C is a full subcategory and for 
i = 1 because A is closed under extensions. If i > 1 both groups in (|3.2[) are trivial 
by part a). 

□ 

To prove the existence of LAlbq we first show that the embedding of abelian 
categories 

tot : MHSf C MHS® ff 

has a left adjoint functor 

Mb : MHSf ff -> MffSj 2 . 

The functor ZaZ6 is going to be the composition 

MHS® f W -^ 2 MHS^_ 2 eff -A MHSf ,Mb:=5o w >_ 2 , 

where MHS>_ 2 e ^ is a full subcategory of MHS^ff consisting of mixed Hodge 
structures that have weights greater or equal than —2, w>_2 is the functor that 
takes a Hodge structure V to the quotient V/W-3V. The second functor 8 is defined 
as follows. Given V £ MHS>_ 2 e ff there exists a unique decomposition of the 
pure Hodge structure W-2V into the direct sum of a Hodge- Tate substructure and a 
substructure P C W-2V that has no Hodge- Tate subquotients. The existence follows 
from the semi-simplicity of the category of pure polarizable Hodge structures. Set 
8(V) = V/i(P). We leave it to the reader to check that that 8 is indeed a functor and 
that the projection V — > 8{V) extends to a morphism of functors Id — > 8. Composing 
it with the natural morphism Id — > u>>_2 we get 

V : Id — > tot o lalb. 
Together with the obvious isomorphism 

Jl : lalb o tot ~ Id 
the triple (lalb, 17, Jl) is an adjunction datum: the compositions 

lalb lc ^X lalb o tot o lalb ^-^> Za/& 

tot I iif^. b o Za?6 o tot lc J^L^ i Q t 

are identity morphisms. Furthermore, the functors w>_2i <5 are exact and so is the 
composition lalb. The functor s is also exact. Thus, (lalb, 17, ~p) automatically extends 
to an adjunction datum (LAlbq,v, /1) for the derived DG categories. The t-exactness 
of LAlbq is clear. 

□ 
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3.2. The main theorem. 

Theorem 3. (1) Let k be a field of characteristic of finite Stale homological 
dimension and I a prime number. Then 

(3.3) T^.-R^.oTotzB 

(2) Let k be a subfield of C and A a subring of Q. Then 

(3.4) Tbl A o T% odge ~ R^ odge o Tot A 
and the morphism of functors 

(3.5) LAlb® o i?^ od9e -> T^ od9e o iA/6 Q 

induced by Rq° dgc Totq o T^ odge o LAlbq ~ Rq° dgc o To£q o LAlbq is an 
isomorphism. 

The rest of this section is devoted to a proof of the theorem. 

3.3. Proof of (|3T3|) . We shall show that, for every 1-motive M = [A G], the 
modules H l (R^^. oTot(M)) £ Mod(G,1,/l') are for i ^ and canonically isomor- 
phic to Deligne's 1-adic realization of M for i — 0. The formula (|3.3j) would follow 
from Theorem [TJ 

Since presheaves A, G are homotopy invariant the canonical morphism 

C A (Tot(M)) ->• Tot{M) 

is a quasi-isomorphism. Thus 

iJ^/,. o Tot(M) (A(fc) -A G(fc)) d Z/r A- (A(fc) c?(3fe) © A(fc) ® Q) ® Z/l 

(G(fc)©A(fc)®Q/Z) |) Z/f [-1] fcer(G(I)©A(fc)(K>Q/Z A G(fc)®A(fc)®Q/Z). 
Here v : A(fc) — > A(fc) ® Q is the canonical embedding, morphism a sending A(fe) ® Q 

to zero is a quasi-isomorphism because Q €5 Z/T ~ 0. The module at the right-hand 
side of the formula is Deligne's 1-adic realization of M. This completes the proof of 
(1331) . 

3.4. Compatibility of LAlbq with base change. When proving the remaining 
part of the theorem, we may assume that k — C. Indeed, we have the following 
general result. 

Proposition 3.3. Let k C k' be any extension, A = Z or Q, and let 

f* : D\ g {Mx{k) ®A)^ D b dg (Mx{k') 8) A), 

(3.6) /* : DM e J f (k; A) DM e J f (k'; A) 
be the corresponding pullback functors j pO[ TTien 

(3.7) /* o To^ ~ Tot A o /• : Dj^AM*) ® A) DM%{(k'- A), 

(3.8) /* o L^6q ~ LAlbq o /* : DM e /J(k; Q) -> £>^(.Mi(fc') ® Q). 

^The DG quasi-functors in this formula are viewed as objects of the triangulated category T(*, *) 
(see This remark also refers to all other isomorphisms below. 
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Proof. For every abelian group scheme G of finite type over k and for every lattice A 
we have canonical isomorphisms 

f~ l G ~ G x speck' , / -1 A ~ Ax speck' . 

Formula (13.71) now follows from the commutative diagram in H2.'3{ 

The adjunction property of LAlb®, Tot® together with (I3.7[) yield a morphism 

(3.9) a : /* o LAlb® -> LAW® of*. 

To prove that a is an isomorphism we shall need the following general property of 
/*. Recall from (fVT], Proposition 3.2.8) that for every E, G DM*ff(k;A), G 6 
DM e ff{k]A) there is inner Horn-object Hgm(E, G) G DM ef f(k;A). Set / t * = 
ffo(/*). 

Lemma 3.4. T7ie morphism 

(3.10) fUHam{E, G)) -> Hom(f*.(E) : /* (G)) 
defined by the distinguished element of the group 

Ham(f*j Ham (E, G)) ® f^ r (E),f* r (G)) <- Hom( Hom (E. G) ® E, G). 
is an isomorphism. 

Proof. Recall from f |BVj . §4.4) that the projection 

P : D(PSh tr (Sm k )) -> DM eff (k;A) 

has a right adjoint functor C M that identifies the category DM e *f (k]A) with the 
right-orthogonal complement 

if; r ' A1 (fc)cD(m tr (Sm t )). 

We shall first show that the functor / _1 takes I t ^ ar ' (fc) into / t ^ ar ' (fc') C D(PSht r (Smk>)). 
In fact, 

(3.H) r i (ifr x (k)) c /f r ar± (fc'), r x (^ x W) c /£ x (*o- 

Let us just check the first inclusion. Let G € lf r ar± (k), X € Smk>, Ui U U2 — X &n 
open covering of a smooth scheme over fc', and let 

mf(e/i,c/ 2i x) ^z^nf/^ZtrEc/ilez^c/y ->Z tr [X] 

be the Mayer- Vietoris complex. We have to show that 

^m D(PSfltr(Smi , )) (My([/ ll C7 2 ,X), /*G) = 0. 

There exist Z G SVrifc, an open covering C/i U C/2 = ^, and a fc- morphism /i : X — > Y 
such that XJ t — /i~ 1 (C/ l ). We have 

Hom D(PShtr(Smkl)) {MV{U u U 2 ,X), f*G) = 
colim Hom^ps^s^iMVig'-^U^g'-^^Y^G) = 0. 

Here the colimit is taken over the category of triples (Y G Smk, g, g') with g o g' = h. 
Proof of the second inclusion in p. lip is similar. 

As a consequence we see that that the morphism / _1 o C M — > C M o / t * r induced 
by P o / _1 o G M — > ft r is an isomorphism. Let us also observe a natural isomorphism 

C M Hom D M^(k;A) (P(F), Q ^ Hom D{PShtASmk)) (F, C M (G)) 
coming from the monoidal structure on the functor P. 
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Now we are ready to prove the Lemma. We shall check that C M applied to the 
morphism (|3. 10|) is an isomorphism. Choosing F € D(PSht r {Smk)) with P(F) = E 
and using the above remarks we reduce our problem to proving that morphism 
(3.12) 

/- 1 ^ D(PS ^ (Smfc)) (^C M (G))^taD(PS^(5 mfc 0)(/ _1 ( F )'/ _lcM ( G )) 

is an isomorphism W\ . Moreover, it will suffice to show this for F = A tr [Z], where 
Z G Sink- For any X 6 Smy , we have 

Hom(A tr [X],f- 1 Hom(A tr [Z] ) C M (G))) ~ 
colimHom(A tr [Y x Z],C M (G)) ~ colim Hom(A tr [Y'],C M (G)) 

X^Y Xx k Z^Y> 

^Hom(A tr [X},Hom(r 1 (A tr [Z}),r 1 C M (G))). 

□ 

Let us prove that, for every M 6 DM^J (k; Q), morphism Ho(a)(M) (see ([33]) ) is 
an isomorphism. Since the functor Hom (- , Q(l)) is fully faithful on the subcategory 
d<iDM^ f (k';Q) C DM^(k';Q) ( |BKT] . Proposition 4.4.1) it is enough to prove 
that the morphism 
(3.13) 

Hom (Ho( f* o Toi Q o LAlb®){M), Q(l)) -> Hom (Ho(Totq o LAlb® o f*)(M), Q(l)) 

is an isomorphism. By f |BKl| . Cor. 6.2.1), for any geometric effective motive iV, the 
morphism 

Hom UTotn o LAlb®)(N), Q(l)) -> Hom iN. Q(l)) 

induced by iV — > Ho(TotbQ o LylZ&Q)(A) is an isomorphism. Applying this to A = 
Ho(f*)(M) we see that p,13|) is an isomorphism if and only if so is the morphism 

(3.14) Hom (Ho(f* o Tot q o LAlbq)(M), Q(l)) -> Ham (Ho(f*)(M), Q(l)) 

given by M -> Ho(Tot®o LAlbq)(M). Lemma |3"H identifies ([3~T4} with the pullback 
of the isomorphism 

Hom (Ho(Tot n o L^6 Q )(M), Q(l)) ~ Hom (M, Q(l)). 

□ 

3.5. Beginning of the proof of (|3.4p . It will suffice to construct isomorphism (I3.4j) 
for j4 = Z. By Proposition 13.31 we may assume that k = C. Corollary 12.121 together 
with formula (|3.3[) imply that for every M 6 A^i(C) 

(3.15) H l (R% od9e o Tot z {M)) = 0, * ^ 0. 
Thus, by Theorem Q] it is enough to construct an isomorphism 

(3.16) H°{R% odge o Tot z ) ~ i/°(T^ z o 7^° d 9 e ) : X X (C) -> MHSf ff . 
Every such isomorphism extends uniquely to (|3.4[) . 



10 The proof below shows that C M (G) can be replaced by an arbitrary complex of presheaves 
with transfers. 
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3.6. Computation of Ho(R% ettl o Totj). We shall construct a functorial isomor- 
phism of abelian groups: 
(3-17) ' 

6m : H°(Ri etu o Tot z (M)) ~ H°(Tot z o lf ett *(M)) = fcer(A(C) © g G(C)), 

where M = [A — % G] G .Mi(C), g is the Lie algebra of G, and eccp : g — ^ G(C) is the 
exponential map. In the next subsection we check that Qm is compatible with the 
Hodge structures. 

To construct ®m we consider an auxiliary functor from the category of 1-motives 
to the category of complexes of abelian groups that takes M to the complex 

C s z ing (M) := cone(A(C) N Maps(A , G(C)))[-1], 

where N Maps(A' , G(C)) is the normalized chain complex of the simplicial abelian 
group Maps(A', G(C)). Recall that for every abelian Lie group P the complex 
N Maps(A' , P) computes the homotopy groups of P. In particular, 

'o ifi^-1 



H\N Maps(A\G(C))) = 



7Ti(G(C)) otherwise. 



We construct a functorial quasi-isomorphism 

cj, : C s z mg (M) — > cone(A(C) © fl -> G(C))[-1] 

as follows. 

-> iV 2 Maps(A-,G(C)) ^ A © N 1 Maps(A\ G(C)) ^ N Maps(A\ G(C)) 

</>o Id 

-> ->• A(C)© G(C). 

Here the map 0o is the sum of the identity map on A(C) and the homomorphism 

(3.18) N x Maps(A\G(C)) -> g 

defined as follows. An element of NxMaps(A' , G(C)) is a continuous map 7 : A 1 = 
[0, 1] G(C) such that 7(0) = 0. Let 7 : [0, 1] -> g be the lifting of 7 such that 
7(0) = 0. The map (j3"T8)) takes 7 to 7(1). 

Proposition 3.5. TTie morphism <j> is a quasi-isomorphism. 

Corollary 3.6. There is a functorial isomorphism 

H°{(f>) : H°(C™ n9 (M)) H°{Tol z oT£ etu (M)). 

Proof. First, we have to show that cf> is a morphism of complexes. 

(t) O d x = 0. Indeed, for every v € N 1 Maps(A\ G(C)) the map d x (y) : [0, 1] -> G(C) 

takes the boundary points and 1 to 0. Moreover, the induced map S 1 — > G(C) is 

contractible. It follows that d\(v)(l) = 0. 

(it) d = (u® exp) 0o- Indeed, for every (A © 7) e A © Ni Maps(A\ G(C)) 

rfo(A©7) = u(A) -7(1) = (u©ea;p) O (A©7). 
To show that </> is a quasi-isomorphism consider the morphism 

(3.19) NMaps(A-,g) e -^> NMaps(A\ G(C)) 
induced by the homomorphism exp : g — > G(C). Let 

NMaps(A\ 3 ) A C 3 ™ 9 (M) 
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be the composition of exp* and the morphism N Maps(A', G(C)) — > C% ng (M). It is 
easy to see that (f> factors through the morphism 

4> : cone(s) -+ Tg etti (M). 

Observe that the map 

Nt Maps(A-, Q ) N l Maps^A' , G(C)) 

is an isomorphism for every i > (for every continuous map A* — > G(C) sending all 
the faces but one to lifts uniquely to a map A 1 — > g with the same property). It 
follows that <f> is a quasi-isomorphism. Since the complex NMaps(A' , g) is acyclic 
(for its cohomology groups are the homotopy groups of g), (f> is a quasi-isomorphism 
as well. □ 

It remains to construct a functorial quasi-isomorphism 

(3.20) H°(Ri etu o Tot z )(M) -A- H°(C% n9 (M)). 

With rational coefficients p.20[) can be easily derived from the Eilenberg-MacLane 
cube construction. We explain this short proof in £13.71 The integral statement is 
more involved. Consider the double complex of presheaves with transfers 

Z tr [AxA] Pl+r ^ m Z tr [A] 

xu 

Z tr [GxG] Pl+ -^- m Z tr [G], 

where Pi,m : Z 4r [A xA]-> Z 4r [A] (resp. Pi,m : Z tr [G x G] — > Z tr [G]) are the maps 
induced by the projections and the addition operation on A (resp. G). Denote by M 
the associated total complex shifted so that Z tr [G] is in cohomological degree 1. We 
shall use the same notation M for the corresponding motive. The construction of M 
is functorial: sending M to M we get a (nonadditive) functor from the category of 
1-motives to the triangulated category of etale Voevodsky motives. Next, we have a 
functorial morphism: 

(3.21) M -4 Tot z (M), 
induced by the map of double complexes: 

Z tr [AxA] -> Z tr [A] — > A 



Z tr [GxG] -> Z tr [G} — > G. 
Consider the induced map of Betti realizations 
(3.22) Ho(Ri ettl )(M) -> Ho{Ri etu o Tot z )(M). 

Since the complex R^ etu o Tat%(M) has trivial cohomology in negative degrees (see 
(13.151) ) the map p. 221) canonically factors through the morphism 

T> Q Ho(Ri Ml )(M) % Ho(Ri etti oTotz)(M). 
Proposition 3.7. The morphism ip is a quasi-isomorphism. 
Corollary 3.8. We have a functorial isomorphism 

#°(V>) : H°(Ri etti )(M) H°(Ri ettl aTot z )(M). 



24 



VADIM VOLOGODSKY 



Proof. We shall first prove the proposition in the following two special cases. 

(i) G = 0. In this case the proposition is equivalent to the exactness of the sequence 

Z[A(C) x A(C)] -»• Z[A(C)] -> A(C) -»• 0. 

(ii) A = 0. The exact triangle 

Z tr [G x G][-l] -> Z tr [G][-l] -»• M -> Z tr [G x G] 
yields a long exact sequence 

-y ffi(G(C) x G(C)) Pl *+^- ro * ffx(G(C)) H°(Ri etti (M)) -> 

H (G(C) x G(C)) Pl *+^T m * H (G(C)) -> H 1 (R® ettl (M)) -> 0. 

The map pi* +P2* — is on ffi and an isomorphism on i?o- It follows that the 
cohomology groups of R^ etu (M) are trivial in positive degrees and identified (via the 
map a) with i?i(G(C)) in degree 0. The following result completes the proof. 

Lemma 3.9. The morphism i : Z tr [G] — > G induces a quasi-isomorphism 

(3.23) fli(G(C))[l] ~ Ri etu (G) 

Proof. By Corollary 12. 121 it suffices to show that, for every prime I, i induces a quasi- 
isomorphism 

(3.24) Hi{R%i- (Ztr[G]))[l] ~ (G). 

By definition of 1-adic realization (|2.19|) this amounts to showing that the map 

ffi(G A (Z tr [G])(C) ® Z/P*)[l] -»■ G(C) I) Z/P ~ fcer(G(C) A G(C)) 

is a quasi-isomorphism. The latter is a part of generalized Roitman's theorem ( [BKlj . 
Theorem 14.2.5). □ 

To prove the proposition in general, observe that every 1-motive M is an extension 
of a 1-motive of type (z) by a 1-motive of type (ii): 

-> M x -> M -)• M 2 ->• 

and for extensions of this special form the sequence 

Mi M -> M 2 

is an exact triangle. Hence, in the commutative diagram 
(3.25) 

Ho{R% etti (Mi)) ->• Ho(R® eUi (M)) -> Ho(R§ etu (M 2 )) 

i> 

Ho(R£ etti oTot z )(Mi) -»• Ho{R^ etti oTot z (M)) -> Ho(R§ etti oTot z )(M 2 ) 

both rows are exact triangles. Since the complexes R^ etu (Mi) are acyclic in positive 
degrees so is R^ etu (M). Thus, it suffices to show that -0 induces an isomorphism on 
ii" . The diagram (|3 . 25[) yields a diagram 

ff°(Ef e *"(Mi)) -> H°(R§ ettl (M)) -> H°(R% etti (M 2 )) ->• 
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H°(RBetti oTofe(Mi)) 4 H°(Ri etu oTot z (M)) -> H°{R§ etti oTot z (M 2 )) -> 
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with exact rows (and injective map /?). Since ipi are isomorphisms so is the map 
ip. □ 

Each term of the complex M is a direct sum of representable presheaves. It fol- 
lows, that the Betti realization of M is canonically isomorphic to the total complex 
G| m9 (M) of the following double complex 

Z[A(C) x A(C)] Pl t^ m Z[A(C)] 

J, U X U \ U 

G| m9 (G(C) x G(C)) Pl +E?T m G|" i9 (G(C)), 

where C% ng (.) denotes the singular chain complex of a topological space. Define a 
morphism 

(3.26) Ri etu (M) = G| mff (M) C£ nfl (M) 

Z[A(C) x A(C)] -> Z[A(C)] — > A(C) 

G| mff (G(C) x G(Q) -> G| m9 (G(C)) — > ATAfop»(A-,G(C)). 

Since the complex G| ms (M) is acyclic in positive degrees the morphism (I3.26P 
factors through 

T> C£ n9 {M) A C^ ng {M). 
Proposition 3.10. The morphism p is a quasi-isomorphism. 
Corollary 3.11. There is functorial isomorphism 

(3.27) H°(p) o H ^)- 1 : H°(R% etti o Tot z )(M) H°(C^ n9 (M)). 



Proof. The argument is parallel to the proof of Proposition [3Z3 We only explain the 
analog of Lemma [ 



Lemma 3.12. The morphism G| m9 (G(C)) — > N Maps(A' , G(C)) induces a quasi- 
isomorphism 

JTi(G(C))[l] ~ iVMaps(A',G(C)). 

Proof. The map 

#i(G(C))[l] ->iVMaps(A-,G(C)) ~tti(G(C))[1] 
is the left inverse to the Hurewicz isomorphism 7Ti(G(C))[l] — > Hi(G(C))[l]. □ 

□ 

We define m to be the composition 

e M = H (cj ) )oH (p)o(H ^))- 1 . 



2(5 



VADIM VOLOGODSKY 



3.7. Remark: Totq via additivization. The complex defining M is a truncation of 
the Eilenberg-MacLane cube construction. In fact, one can use the whole Eilcnberg- 
MacLane complex to give a short conceptual proof of (|3.20p with rational coefficients. 

Let Fct(Mod(Z), Mod(Z)) be the category of all (not necessary additive) functors 
F : Mod(Z) -> Mod(Z). Recall from ([LP], §13.2.2; 13.2.6) that the Eilenberg- 
MacLane cube complex 

>Ql^Ql^Ql 

is a complex over Fct(Mod(Z), Morf(Z)) whose terms are functors of the form F(V) = 
Z[V 2 ], where Z[V 2 ] denotes the free abelian group generated by the set V 2 , and 
whose z-th homology functor Hi(Q z ) is isomorphic to the stable homology of the 
Eilenberg-MacLane spaces: 

(3.28) Hi(Q z )(V) = H i+n (K(V,ri)), n>i + l. 

In particular, for positive i, Hi(Q,)(V) is a torsion group and Hq(Q i ')(V) is canoni- 
cally isomorphic to V. It follows that the complex Q q — Q Z <S>Q is a resolution of the 
functor F(V) = V ®Q. Let [A G] G Mi C C b {Mi) be a 1-motive. The complex 
of representable presheaves Q®(M) 

Q®(M)(X) := cone(Q®(A(X)) Q Q (G(X )))[-!}, X e Sm 

is a resolution of the complex cone(A — ^> G)[— 1] <g> Q. Consider the sheafification 
Q Q ' h (M) of Q Q (M) for the h-topology on Sm. The sheafification of a representable 
presheaf Q[Y] is canonically isomorphic to Qt r [F] ( )V2j . Theorem 3.3.5, Proposition 
3.3.6); A, G are already sheaves ( |V2j . Theorem 3.2.9). Thus, by Proposition 12.81 

(3.29) Q®> h (M) ~ Totq(M) 

in DM e ff(C,Q). On the other hand, as every term of Q^(AI) is a representable 
presheaf we can compute Rq ettl o Q^' h (M) by applying Gq" s to Q^(AI) termwise. 
The resulted complex is isomorphic to the total complex of the simplicial complex 

cone{Q q (Ma P s(A-,A(C))) -> Q Q (Afaps(A\ G(C))))[-1] 

Applying p. 281) again we find that Rq ettl ° Q q,h (M) is canonically quasi-isomorphic 
to Cq n9 (M). Summarizing, 

R* etti oTot^{M)~C s ™ 9 (M). 

The above argument expresses the idea that the functor To^q is the additivization of 
the functor that takes a 1-motive M to the motive cone(Qtr[A] — > Qtr[G])[— 1]. We 
refer the reader to ( K ) for the definition of additivization. 

3.8. Computation of H°{R" odge oTot z (M)). The abelian groups H°(R§ etu oTot z (AI)), 
H°(Trt z oTi etti (M)) underlie the Hodge structures H (R% odge oTot z (M)), H°(Trt z o 

ge (M)) respectfully. Let us show that the isomorphism (|3.17[) is compatible with 
the Hodge structures. It will suffice to check that O^/ preserves the weight and Hodge 
nitrations. 

The weight filtration on H (Totq o T^ od9e (M)) is induced by a filtration on 
AI = [A — — > G] by submotives: if G is an extension of an abelian variety A by a 
torus T, W- 2 M = (0,T) C W-iM = (0,G) C W M = M. The Hodge structure 
H°{R% od9e {T)[-l\) is pure of weight -2 and the Hodge structure H°(R% od9e (G){-l]) 
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has weights —2,-10- Thus, the functoriality of isomorphism (|3.17|) implies that O^ 1 
preserves the weight filtration. 

Let us show that O^ 1 preserves the Hodge filtration. A choice of a basis for A(C), 
A = Z[5], yields a lifting 



A -4 Z tr [G] 



(3.30) 



id 
G]. 
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Z tr [A] 4 Z tr 

where the homomorphism 6 : A = Z[5] — > Z[A] = Z tr [A] is defined on generators 
s G S C A by the formula 

(3.31) 5(s) = [s] - [0] € Z[A]. 

Set M' = cone(u)[-l\. The diagram (j3~3T)l) yields a morphism M' -)• M. 

Lemma 3.13. The morphisms M' — > M — > Totz(M) induce 

H (Ri etu (M')) ~ H Q (Ri etu (M)) ~ H°(Ri etH oTot z (M)), 

H°(R% od9e (M')) ~ H°(R% od9e o Tot z {M)). 

Proof. We have already proved in Proposition 13 . 71 that /3 is an isomorphism. Thus, it 
is enough to show that the composition /3a has the same property. Let us apply the 
functor R^ etu to the morphism of exact triangles 

Z ir [G][-l] -)• M' A 4 Z tr [G] 



G[-l] -> Totz(M) -> A ->• G 

The key observation is that the connecting homomorphism 

u, : Z[5(C)] = H°(Ri etu (A)) -». ff (i*f ettl (Z tr [G])) = Z 

is EE The rest of the proof is an easy diagram chasing combined with the formula 
(1333)1 . □ 

By the lemma is suffices to check that the isomorphism 

6' = (6 M o p o a) <g> Id : H°(R£ etti (M')) ® C -A- T£ etu (M) <g> C 

is strictly compatible with the Hodge filtration. To do this we construct a smooth 
G-equivariant compactification G of G. Recall that G is an extension of an abelian 
variety A by an algebraic torus T. Choose an isomorphism T ~ G^. Then G, viewed 
as a principal T-bundle over A, gives rise to a vector bundle E ^ A (which is a direct 
sum of r line bundles) . Define 

G:=¥(E®1). 

The complement G — G is a normal crossing divisor on G. Thus, we can view M' 
as a complex over Z[Sm] ( £|2.5[) . The (cohomological) de Rham complex R* DR (M') is 
identified with 

cone(i?r(G, Zo „) C[S]) 



1:L For the morphism "Lt r [G\ — > G induces a quasi-isomorphism i?i(G(C))[l] ~ R^ od9e (G) (see 

(355) ). 

12 This explains the appearance of constant term —[0] in |3.31ll . 
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and the Hodge filtration on R* DR (M') is induced by the stupid filtration on the loga- 
rithmic de Rham complex £l\ og - In particular, F 1 !! R* DR (M') is identified with the 
space r(G, Q\ og ) of global 1-forms on G with logarithmic singularities ( |D2j . Theorem 
3.2.5). 

The translation action of G on itself extends to a G-action on G. Every global 
form to G r(G, fl[ og ) is G-invariant (for G acts trivially on its de Rham cohomology). 
Conversely, every invariant 1-form on G extends to a 1-form on G with logarithmic 
singularities (for dimG = dimF 1 Hj :)R (G(C))). Summarizing, we get an identification 
7 of F 1 H Q (R* DR (A / I 1 )) with the cotangent space g*. The canonical pairing 

fcer(Affig G(C)) ® g* e '"^" 1 H°(R% etti (M')) <3 F 1 (H° R DR (M')) -> C 

is given by the formula 

(A © 0) ?7 — ><6,t]> . 

It follows that, the Hodge filtration F _1 C H°(R^ etu {M')) is carried over by 8' to 
the kernel of the projection 

ker (A © U ^ P G(C)) © z C -> . 

This completes the proof of (|3.4|) . 

3.9. Proof of formula (|33|) . Set 

d<! = Ho(Tot Q o LAlb q ) : DM e JJ (C,Q) d^DM^ (C, Q) c DM$ {C,Q), 

3<i = Ho(Tot q oLAlb^) : D b (MHS® f ) -> d< 1 D b (MHS^ f ) C D b {MHS% f ), 

Kfr 9C = Ho{<° d9e ) ■■ DM^(C,Q) -> D\MHS% f ), 
where d< x DM^ (C,Q) (rcsp. d< 1 D b (MHS® ff )) is the smallest strictly full sub- 
category of DM e Jf{<C,Q) (resp. D b (MHS® ff )) that contains the image of Toi Q 
(resp. Totq). The functor d<x (resp. d<i) is left adjoint to rf<iDM^(C, Q) ^4 
DM^KCQ) (resp. d< 1 D b (MHSf ff ) D b (M H Sf f f )) . We have to show that for 
every M e DMjfif (C,Q) the morphism 

(3.32) d<x o <? r rf9e (M) i?^ r d9e o d<i (M) 

is an isomorphism. It suffices to do this in the case when M is the motive of a 
smooth connected projective variety. Let X be such a variety. Recall from f |BKlj ) 
the structure of the Albanese motive d<i(Qt r [A"]). Let A — > _4x be the canonical 
morphism from A to the extended Albanese scheme of X ( |Rlj . Section 1). „4x is a 
group scheme fitting into the following exact sequence 

-> ^ -> ,4 X -4 Z -> 0, 

where i s Serre's Albanese abelian variety and Z is viewed as the discrete group 
scheme over C. The sheaf with transfers A x represented by Ax defines an object 
of the Voevodsky category DMgl~ et (C,Z). We shall write A x <E> Q for its image 
in DMjjff (C,Q). It is clear that A x ® Q C d<iDM^(C, Q). Consider the exact 
triangles 

P^Q tr [X}^A x ®Q^P[l} 
d<i(P)^+d< 1 (Q tr [X])^A x ®Q^d< 1 (P)[l], 
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where u is defined as the composition Qtr[-X] — > Qt r [-4x] — > A x ® Q. According to 
( BKl], Theorem 10.3.2) the second triangle yields a commutative diagram 

#om(d<i(Qt r [X]),Q(l)[2]) -A #om(d<i(P),Q(l)[2]) 
(3.33) L 

Pic{X) ~ ffom(Q tr [X],Q(l)[2]) -> XSa-®Q, 

where -/VSjf is the Neron-Severi group of X and the map at the bottom line equals 
the canonical projection Pic(X) — > NSx- Moreover, the induced morphism 

d<i(P) ^ Hom(NS x ,Q)(l)[2] 

is an isomorphism. 

It is enough to prove that (|3.32p is an isomorphism for M = P. By Lemma 13.91 
HiRq° t t 9e (P) = for i = 0, 1 and H t R^° d r 9e (P) ^ H.R^ (Q tr [X}) for i > 1. It 
follows, that d<i o R"° dge (P) = d<i{H 2 {X))[2] is of type (-1,-1). Thus, we only 
need to show that morphism a* in the commutative diagram below is an isomorphism. 

i/ m(i?^ e orf <1 (P),Q(l)[2]) ^ J ffom(d< 1 o J R^ e (P),Q(l)[2]) 

( 3 - 34 ) ffom(P, Q(l)[2]) ^ i/om( J R^ e (P),Q(l)[2]) 

NSx®® Hom MHSQ {H 2 (X),®(l)), 

The next lemma shows that map ci : NS X ®Q = Pic(X)/ Pic°(X)®Q -> Hom MHS Q(H 2 (X),Q(l)) 
is induced by the first Chern class. Therefore, by the Lefschetz (1,1) Theorem, 5i 
and a* are isomorphisms. 

Lemma 3.14. The diagram below is commutative. 

ffom(Q 4r [X],Q(l)[2]) Hom(R^ t d r 9e (Q tr [X}),Q(l)[2}) 
(3.35, 1= ' | 

Pic(X)®Q -2* Hom MHSQ (H 2 (X),Q(l)), 

Here C\ denotes the first Chern class map. 

Proof. As X is projective, Pic(X) is generated by very ample line bundles. This re- 
duces the proof to the case when X = Pg. Moreover, since H 2 {f^ <Q>) H 2 {¥ l c , Q), 
it suffices to prove the commutativity of the diagram for X = Pj, and v 6 i?om(Q tr [Py , Q(l)[2]) 
being the projection to the direct summand. In this case the lemma is true by defi- 
nition. □ 

The main theorem is proven. 

Notation. DGcat, Ho(C), Ho(T), T(C U C 2 ), C per/ , C pretr , D(C), D dg (£), 
C dg (E) g2U Sm k , A tr [Sm k ], PSh tr , A tr [X], l£, If r , lf r A , DM^ , DM^et, 
DM e ff, DM e J f , M^ et , DM-ff, Shf r g22J A[Sm k ], it S3 A[Sm] m C s A ing , 
R% etu mi MHS A , MHS£ ff , R" od9e C A , D dg {G,A), S A , D dg (G,Z/V), P et 



Mi{k), D dg {M!(k)), Tot a, LAlbq, T^ odge , T* /v SHU LAlb^, ToT~ A SO 
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